When a link L is concordant to a link L ′ by a concordance of immersed annuli, we relate the number of the double points of the immersed annuli to the beta-ranks β(L), β(L ′ ) and the torsion multi-variable Alexander polynomials
Introduction
We consider as a link an oriented link L with components K i (i = 1, 2, . . . , r) in the 3-sphere 
where c(A i , A j ) denotes the number of the intersection double points of the immersed annuli A i and A j . We say that the pair (
We note that
is algebraically split, then we have c i ≧ 1. The peripheral polynomial of the immersed concordance A is the element
and the elementary peripheral polynomial of the immersed concordance A is the elementary factor p(L, L ′ ) = e(p(A)) of p(A) which will be shown later to be independent of a choice of A. For an element f = f (t 1 , t 2 , . . . , t r ) ∈ Λ, we denote f * as
It is a classical result due to Blanchfield [1] 
* . In [4] , the author showed the following result.
On the other hand, T. Kanenobu announced the following theorem in [3] , where we note that if a two-component link L with u(L) = 1 has the linking number Link(L) ̸ = 0, then we have Link(L) = ±1.
Unlinking Number One Theorem. If u(L) = 1, then we have ∆ L = 0 for r > 2, and for r = 2
We can write any non-zero element f ∈ Λ as
for some integers n i ≧ 0 (i = 1, 2, . . . , r) and an element g ∈ Λ which does not have any element t i − 1 (i = 1, 2, . . . , r) as a factor. Then the elementary factor e(f ) of f is defined by
where ε i ∈ {0, 1} is the modulo 2 reduction of n i . If f = 0, then we take e(f ) = 0. The following definition. is important to our argument.
The following theorem is our main theorem.
by removing all the non-unit factors h with h (1, 1, . . . , 1) = ±1, respectively. Then we see from [4] that if L and
By using these facts, the link concordance theorem follows direct from Theorem 1.1. To derive the unlinking number one theorem from Theorem 1.1, we need some computations of the boundary polynomial and the peripheral factor of a link, which will be given in §2. In § 3, we give the proof of Theorem 1.1. In § 4, we discuss corollaries to Theorem 1.1 (except Corollary 2.3) and related examples.
Computing the boundary polynomial and the peripheral factor of a link the elemtary peripheral factor of a link pair
The following lemma is used to compute the boundary polynomial and the peripheral factor of a link.
Lemma 2.1. We have the following (1)- (3).
where ε i ∈ {0, 1} (i = 1, 2, . . . , r), and ε i = 1 if and only if the pair (
Proof. To see (1), we note that the lift of the torus component T i of ∂E around K i to ∂Ẽ consists of the components homeomorphic to S 1 × R or R 2 according to whether (K i , L\K i ) is algebraically split or not. Hence we have
To see (2) , since
] be the t-varianble Laurent polynomial ring, andẼ (1) → E the infinite cyclic covering associated with the epimorphism [5, 7.3 .12]), which implies that the torsion Alexander polynomial ∆ (1) of the
) must be trivial meaning that the longitude of K i in ∂E is the boundary of a 2-chain in E and hence Link(
. This completes the proof.
The following lemma shows that the elementary peripheral polynomial of an immersed concordance is calculable by the linking numbers modulo 2 of the immersed concordant links and is independent of a choice of an immersed concordance.
where ε i ∈ {0, 1} is determined by
Proof. By the well-known relationship between the intersection number and the linking number, we have
In particular, if both (
are algebraically split, then c i is even and max{0, c i − 2} ≡ 0 (mod 2). This completes the proof.
The following corollary is used to prove the unlinking number one theorem.
Proof. By the assumption of (1), we have (2) and (3) 
Theorem 1.1 and Corollary 2.3 imply the unlinking number one theorem as follows:
The desired result is direct from Theorem 1.1 and Corollary 2.3.
Proof of Theorem 1.1
The proof of Theorem 1.1 will be done throughout this section.
Since every transversely intersected double point in A is topologically represented by the cone vertex of a Hopf link, we slide the double points in A into L ′ × 1. Then we obtain from A i a connected oriented proper planar surface F i in S 3 × I for every i such that F i ∩ F j = ∅ for every i ̸ = j and the boundary ∂F of the surface 
is the sublink of L consisting of a component K such that (K, L\K) is algebraically split. and L (1) is the sublink of L consisting of the other components. Applying the same notation to the link
Then we have a connected sum decomposition M 
. . , u). Since ∂Y is a torus sum of link exteriors E(L) and E(L
(1) β 1 (∂W ) = 2β(L) + b + u. (2) β 1 (W ) ≦ β(L). (3) β 1 (∂W ) ≦ β 2 (W , ∂W ) + β 1 (W ). (4) β 2 (W , ∂W ) = n + u + β 1 (W ).
Proof. By construction, β(L) = β 1 (M ) and β(L
′ + ) = β 1 (M ′ + ) = β 1 (M ′ ) + u = β(L ′ ) + u = β(L) + b + u. Since ∂W is a torus sum of M , M ′ + and P = G × S 1 , we have β 1 (∂W ) = β 1 (M ) + β 1 (M ′ + ) = 2β(L) + b + u, showing (1). Since H 1 (W, M ) = 0, we see from [4, Lemma 2.1] or [5, 12.3.13] that β 1 (W ,M ) = 0, which implies that β(L) = β 1 (M ) ≧ β 1 (W ),
showing (2). Using the exact sequence
we have (3). To see (4) 
, giving the first half of Theorem 1.1.
We need the following lemma:
Lemma 3.2 (Exactness Lemma).
Under the identity (*), the natural exact sequence
This lemma is immediately obtained by noting that the identity (*) implies that the homomorphism BH 2 (W , ∂W ) → BH 1 (∂W ) induced from ∂ * is injective. Let H = H 1 (∂W ), and T the image of ∂
To calculate ∆ T (H) we need the following lemma.
Proof. To see (1), we note that there are exact sequences 
Since there is a natural exact sequence
Similarly, we have
Assuming (3), we complete the proof of (2). To see (3), we note that the component
) is algebraically split, and a 2-sphere with c i holes if both (
) are algebraically split. In the last case, recall that c i is always even and we omited the case c i = 0. Thus, to complete the proof of (3), it suffices to show the following assertion:
Assertion. Let G be a 2-sphere with n(≧ 2) holes, and P = G × S 1 . Let x i (i = 1, 2, . . . , n) be a basis of H 1 (P ) such that x 1 and x i (i = 2, 3, . . . , n) are represented by a loop in p × S 1 (p ∈ G) and loops in G × 1 (1 ∈ S 1 ), respectively. LetP → P be the covering associated with a homomorphism H 1 (P )toZ r such that x 1 is sent to a basis element e 1 and every element x i with i ≧ 2 is sent to an element which is linearly independent of e 1 . Let t 1 be the element corresponding to e 1 in the group
Then we have the Alexander polynomial ∆ (H 1 (P ) )
Proof of Assertion. We use the Fox free calculus [2] (see also [5, 7.1.5] ). The fundamental group π 1 (P ) has a presentation with generators x i (i = 1, 2, . . . , n) and 1 . This matrix is a presentation matrix of a Λ-module M admitting a short exact sequence
where ε(Λ) denotes the torsion-free Λ-module of rank one which is the kernel of the homomorphism Λ → Z sending every t i to 1, namely the Λ-ideal (t 1 −1, t 2 −1, . . . , t r − 1). Thus, the Alexander polynomial of H 1 (P ) is obtained from the second elementary ideal of the matrix by taking the smallest principal ideal (cf. [5, 7.2.7] ). The second elementary ideal is
and we obtain ∆(H 1 (P ))
This completes the proof of Assertion.
This completes the proof of Lemma 3.3.
By this lemma, we have
This completes the proof of Theorem 1.1.
Corollaries to Theorem 1.1 and related examples
By using an operation on link diagrams, called a lassoing, A. Shimizu construted in [10] 
This means
for some
The fraction∆ L (t) = ∆ L (t)/(t − 1) r−1 is known to be an integral polynomial, called the Hosokawa polynomial of L (see [5] ). We know that the multiplicity of the factor t − 1 in∆ L (t) is always even. In fact, the statement that σ 1 (L) ≡κ 1 (L) (mod 2) in Lemma 5.7 of [6] implies this assertion. Thus, the following corollary is obtained from Theorem 1.1.
Corollary 4.2. If the one-variable Alexander polynomial ∆
has the form f (t)f (t −1 ) for an integral polynomial f (t) in t up to multiplications of
Recall that the group order of the first homology H 1 (M L ) of the double branched covering space M L of S 3 branched along L coincides with the absolute value |∆ L (−1)| by taking the group order of an infinite abelian group to be 0 (see [5] ).
Corollary 4.3. If the first homology H
In the case of a link L with r = 2 and u(L) = 1 (implying c 4 (L, O) = 1), the latter half of Corollary 3.3 has been observed by P. Kohn [7] . In the following examples, we use the numbering of links in D. Rolfsen [9] . The following example relates to examples on the 4-dimensional clasp number.
(2) Let L = 7 . This is because L is not link-homotopically trivial (see [8] ).
